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Black holes are studied in the frames of superstring theory using a non-trivial numerical integration method. A 
low energy string action containing graviton, dilaton, Gauss-Bonnet and Maxwell contributions is considered. Four- 
dimensional black hole solutions are studied inside and outside the event horizon. The internal part of the solutions 
is shown to have a non-trivial topology. 
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1. Introduction 

In the recent years there was a heated discussion about 
the nature of dark matter. Among possible candidates 
there are black holes. Studying their properties in the 
frames of superstring theory, one can hope to clar- 
ify some aspects of the dark matter nature. That is 
one of the reasons for a great interest in investiga- 
tions of the low energy string action in four dimen- 
sions. Some researches |, |, |, |, | found that 
the well-known solutions (such as the Schwarzschild 
one or Gibbons-Maeda-Garfincle-Horowitz-Strominger 
(GM-GHS) one) should be modified by higher order 
curvature corrections. 

In our previous work the internal structure of 
black hole solutions for the Lagrange density C = 
mlii-R + 29^09^0) -I- Xe^^'f'SGB were studied. It 
is of interest to find the influence of the Maxwell term 
on black hole solutions of 4D low energy string grav- 
ity with the second-order curvature corrections. Some 
researchers ^ consider the bosonic part of the gravi- 
tational action consisting of dilaton, graviton. Maxwell 
and Gauss-Bonnet (GB) terms (for simplicity, the an- 
tisymmetric tensor terms are ignored) taken in the fol- 
lowing form: 
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where R is the scalar curvature, cf) is the dilaton field, 
TOpi is the Planck mass; Ff^i.F^" is the Maxwell field 
and A is the string coupling parameter. The last term 
describes the GB contribution {Sgb — RijkiFi^''^^ — 
iRijR^^ + R"^) to the action (|l|). Such configurations 
were partly studied ||^ by the perturbative analysis 
0(A) outside the event horizon (r^) when r^ 3> rnpi. 
The authors showed that the black hole solution are 
real and provide non-trivial dilatonic hair. The so- 
lutions beyond the event horizon are very important 
from the viewpoint of quantum gravity because it is 
generally believed Q] that in the regions of space-time 
with sufficiently small curvature a classical solution 
gives the main contribution to the global structure of 
the space-time. Quantum corrections may drastically 
modify the properties of space when the curvature is 
large enough. A study of complete black hole solutions 
for the action (|l|) is the aim of this work. 

2. Field equations 

The aim is to find static, asymptotically flat, spheri- 
cally symmetric black-hole-like solutions. In this case 
the most convenient choice of the metric is 



Adt^ 



-dr^ - f{d0^+sm^ 9d(p^ 



(2) 



where the functions A, a and / depend only on the 
radial coordinate r . Substituting the expressions of R 
and Sgb into the action (|l]) and integrating this mod- 
ified action by parts and over the angle variables, one 



2 



S.O. Alexeyev 



can rewrite it in a somewhat more convenient form (for 
the present analysis the boundary term is not relevant 
and is ignored) 



S = 



1 



dtdr 



^'f'f , A(/')= 



e-^V — 



.4e-^A^'(^^ 



A' 



(3) 



We will consider a black hole with a purely mag- 
netic charge, so that the Maxwell tensor can be 
written in the form F = q sin 6 d9 A dip. The corre- 
sponding field equations in the GHS gauge [cr(r') = 1] 



are 



mh{f"f + f{4'r) 

+ 4 e-^^X[^" - 2i^'f] [A(/')' - 1] 
-H4e^20^^/2A/7" = 0, 

m2i(l + A/2(</,')'-A77-A(m 

+ 4e-2'^A(/)'A'(l - 3A(/')') - e'^'^q^f-^ = 0, 

m|i[A"/ + 2A7' + 2A/" + 2A/(</.')^] 
-H4e-2<^A[(/)"-2((/.')^]2AA7' 

4e-2'^A(/)'2((A')V + AA"/' + AA7") 

-2e-2'^qV"^ = 0, 

- 2m|i[A'/2^' + 2A//7' + A/2</)") 

+ 4e-^'>'X{{A'f{ff + AA"(/')^ 
2AA77" - A"] - 2 c-2'/'g2 j-2 ^ 

It is necessary to note that the GM-GHS solution 
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exp(-20) = exp(-2(/)o) - j^, 



(5) 



is the basic solution for the C/(l) purely magnetic case 
(when A = ) . If F = in (|l|) , the basic solution is the 
well-known Schwarzschild one with a constant dilaton 
field (according to the "no- hair" theorem). Moreover, 
the solution of Eqs. (^ at infinity must have the GM- 
GHS form. 

3. Numerical Results 

For integrating inside the event horizon a method 
based on integration over an additional parameter was 
used as described in our previous paper The main 
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Figure 1: Tlie dependence of the metric functions A (a), 
/ (b) and the dilaton function e"^"^ (c) on the radial co- 
ordinate r when the event horizon radius is equal to 
20.0 Planck unit values (P.u.v.) and the magnetic charge 

is q < Qcr ■ 



result of that work is the following. An asymptoti- 
cally flat black hole solution for the action ([|) without 
the Maxwell term exists from infinity down to the end 
point r = Ts (see Fig. 1 in Ref. |5|) inside the reg- 
ular event horizon ( ) . When is large enough 
(the contribution of the second order curvature cor- 
rections is small) the position of the end point of the 
solution is ^ r/i . As decreases (the GB term 
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Figure 2: Critical magnetic charge qrmcr vs. regular event 
horizon radius for A = 1 . 



contribution increases), the distance between and 
r/j becomes smaller and smaller. The curvature in- 
variant also diverges near the position r — Vs . An 
additional (nonphysical) branch of the solution begins 
at the point and exists up to a point r^ which may 
be called a singular horizon. There is no other solution 
in the neighborhood of . 

When one includes the Maxwell term in the action 
(|l]), the resulting picture is as follows. Black hole so- 
lutions of Eqs. exist only in the range of the mag- 
netic charge values < q < m\/2, as in the GM- 
GHS case. The solution behaviour outside the reg- 
ular event horizon rh looks like the GM-GHS one, 
which coincides with the results of Mignemi |Q and 
Maeda Q. The solutions behaviour inside the regu- 
lar event horizon r^ depends on the magnetic charge 
q. When q is quite small, the solutions have a form 
analogous to the purely Einstein-dilaton-Gauss-Bonnet 
(EDGE) case (see Fig. 1) because the contribution of 
the second-order curvature term is "stronger" than the 
Maxwell one. The curvature invariant RijkiR^''^^ and 
the components Tq and T2 of the stress-energy tensor 
diverge near the position rg ■ Hence one can conclude 
that the point represents a "pure scalar singular- 
ity" (see e.g. the classifications of space-time singu- 
larities in H, With increasing q the contribution 
of the Maxwell term becomes greater and greater and 
at some q — qcr the behaviour of the solution changes 
and the turning point disappears. The dependence 
of the critical magnetic charge value on the event hori- 
zon radius r^ is depicted in Fig. 2. It is necessary 
to note that, when g < (jcr, the quantity q is rather 
small and in all the particular points (namely, r^ , rs , 
r,j: ) one can use asymptotic expansions obtained for 
the pure EDGE case When q > qcr , the main 
asymptotically flat branch (00 . . .r^ ■ ■ .rs) and the ad- 
ditional nonphysical branch (r^ . . .) merge to form a 
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Figure 3: The dependence of the metric functions A (a), 
/ (b) and dilaton function exp(— 20) (c) on the radial co- 
ordinate r when the event horizon radius is equal to 
20.0 Planck unit values (P.u.v.) and the magnetic charge 

IS f/ ^ (^rmcr • 



single asymptotically flat black hole branch that ex- 
ists from infinity down to the point where the metric 
function / vanishes. The function / and the dila- 
tonic function e"^'^ have the same behaviour as in the 
GM-GHS case. The metric function A exhibits a local 
minimum not far from the position where / vanishes 
— this feature is absent in the GM-GHS solution (see 
Fig. 3). 
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4. Discussion and conclusions 

In this work we have obtained black hole solutions 
with nontrivial dilatonic "hair" for low-energy effective 
string action with second-order curvature corrections 
and a Maxwell magnetic field. 

The solutions are characterized by the ADM mass 
M, the dilaton charge D and the asymptotic dila- 
ton value (jjoa ■ They are stable under fluctuations of 
initial conditions. Since these solutions have a non- 
perturbative nature, they are not restricted by any 
perturbative parameter values. 

One interesting result of this work is the coinci- 
dence of the solutions of EDGE and EDGB-I- e"20^2 
systems in the case q < and the appearance of the 
Ts singularity inside the black hole after adding the GB 
term to the action. This singularity has the topology 
S'^ X , i.e. it is an infinite (in t direction) "tube" of 
radius . A similar "tube" in the Schwarzschild met- 
ric with an additional condition of R"^'"^'^ Rabcd finite- 
ness was discussed by V. Frolov et al. There are 
two solutions on this "tube" . The asymptotically flat 
solution, which is the main one, starts from rs and 
continues to inflnity. Outside the regular event hori- 
zon the solution looks like the GM-GHS one, which 
agrees with the results of Mignemi Q , Maeda |^ and 
Kanti [^. The additional nonphysical solution branch 
provides the existence of a "singular" inner horizon 
with RijkiR^-'^^ — > oo. Some solutions exist inside the 
"tube" , but they are unstable under initial con- 
dition fluctuations, and we cannot distinguish, which 
branch, main or additional, they correspond to. In the 
case q > qcr the solution looks like the GM-GHS one 
outside and inside the regular event horizon , with 
an additional local maximum of the metric function 
A. 

Acknowledgement 

The author would like to thank Professor D.V. Gal'tsov 
for useful discussions of the subject of this work. 

References 

[1] B. Zwiebach, Phys. Lett. B 156, 315 (1985); 
E. Poisson, Class. Quant. Grav. 8, 639 (1991); 
D. Witt, Phys.Rev. D 38, 3000 (1988); 
J.T. Wheeler, Nucl. Phys. B 268, 737 (1986), Nucl. 
Phys. B 273, 732 (1986); 

G.W. Gibbons and K. Maeda, Nucl. Phys. B 298, 741 
(1988); 

D. Garfinkle, G. Horowitz and A. Strominger, Phys. 
Rev. D 43, 3140 (1991), Phys. Rev. D 45, 3888 
(1992); 

M. Natsuume, Phys. Rev. D 50, 3945 (1994). 



[2] S. Mignemi and N.R. Stewart, Phys. Rev. D 47, 5259 
(1993); 

S. Mignemi, Phys. Rev. D 51, 934 (1995). 

[3] P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and 
E. Winstanley, Phys. Rev. D 54, 5049 (1996); 
P. Kanti and K. Tamvakis, "Colou red Black Holes in 
Higher Curvature String Gravity" , tiep-th/960900£ . 

[4] E.E. Donets and D.V. Gal'tsov, Phys. Lett. B 352, 
261 (1995). 

[5] S.O. Alexeyev and M.V. Pomazanov, Phys. Rev. D55, 
2110 (1997). 

[6] T. Torii, H. Yajima and K. Maeda, Phys. Rev. D 55, 
739 (1997). 

[7] V.P. Frolov, M.A. Markov and V.F. Mukhanov, Phys. 
Lett. B 216, 272 (1989). 

[8] E. Ellis and B.G. Schmidt, Gen. Relativ. Grav. 8, 915 
(1977). 

[9] S.W. Hawking and E. Ellis "Large-Scale Structure of 
the Space-time", Cambridge University Press, Cam- 
bridge, England, 1973. 



